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Wave-particle interactions can be very important for electron
acceleration and loss. Quasilinear diffusion coefficients can
be calculated, but we would also like to to solve the diffusion
equation.

This turns out to be difficult because the cross terms are large
and rapidly varying.
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(
where G = p2T (α0) sin α0 cos α0

)

Treating this with simple finite differencing has not worked.

(Local, linear stability is not the same as positivity.)



Simplest possible finite difference scheme:
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Because of the cross terms, no ∆t > 0 can guarantee fn+1
ij > 0.

Solution: change variables, make the cross terms vanish.



Transform from (J1, J2) to new variables (Q1, Q2):[
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In general, curves of constant Q1 are given by
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Basically, one equation in 2 unknowns, S1 and S2.

Free to choose another constraint.

Can choose S1S2 = −1, so ∇JQ1 is ⊥ to ∇JQ2.

This leads to ∇JQ1‖V and ∇JQ2‖W, the eigenvectors of DJJ :
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Simpler to fix S1 by taking Q1 ≡ α0.

Then the equation for constant-Q2 curves,
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Integrate this numerically to get curves in the (α0, E) plane.

The actual values of Q2 can be any labels of the curves, such as
the value of E where the curve goes through α0 = 90◦.

To evaluate partials, trace nearby curves and use
∂E/∂Q2 ≈ ∆E/∆Q2, etc.





In general, the remaining diffusion coefficients are
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With Q1 ≡ α0, they become
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Diffusion in (J1, J2) simplifies to
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with G = det ∂(J1, J2)/∂(Q1, Q2).

This can be solved easily with finite differencing.

Diffusion in J3 can be done separately (operator splitting).
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